A theoretical model is built for a micrometer size cylindrical shell adhering to a rigid surface in the presence of an electrolyte. In the presence of surface electrostatic double layers and van der Waals attraction according to the Derjaguin-Landau-VerweyOverbeek (DLVO) theory, the shell deforms and settles in either the primary (1min) or secondary (2min) energy minimum depending on whether it has sufficient energy to overcome the repulsive energy barrier. The adhesion-detachment mechanics are constructed and solved computationally, yielding the relations between applied load, deformed profile, and mechanical stress distribution in the shell. The critical compressive load needed for transition from 2min to 1min is found for several repulsive barrier heights. At a critical pull-off tensile force, shell in the 1min detaches spontaneously at a nonzero contact area, but the one in the 2min detaches smoothly with the contact shrinking to a line contact. The model is relevant to bacterial adhesion in environmental engineering and microelectromechanical systems for microfluidics applications.
Introduction
Basic adhesion theory is readily available in the literature [1] . The celebrated Johnson-Kendall-Roberts (JKR), DerjaguinMuller-Toporov (DMT), and Barenblatt-Dugdale-Maugis (BDM) models are widely used by the scientific community to study adhesion of solid spheres. These models are, however, inadequate to account for adhesion in shells, which are crucial in microdevices having curved structures and bacteria comprising a glycoprotein shell. Instead of the conventional Hertz contact in solids, shells deform mechanically by mixed bending and stretching. Liu and Wan [2] constructed a membrane model for a spherical cell adhering to a rigid planar substrate being exposed to osmotic pressure and derived the relationships between osmotic pressure, contact area, membrane materials properties, and interfacial adhesion energy. The simple model is limited to elastic stretching of a membrane with zero flexural rigidity. Another deficiency of the classical models is their failure to accommodate convoluted intersurface forces consisting of both attraction and repulsion. When two charged surfaces interact in the presence of an electrolyte, the combined action of van der Waals attraction and repulsion due to the surface electrostatic double layers leads to the intersurface energy governed by DLVO theory. Typical surface potentials possess two energy minima separated by a repulsion barrier. Springman and Bassani modeled a shallow spherical cap adhering to a flat substrate in the presence of an arbitrary surface force potential using Reissner's shell theory [3] but did not investigate the important DLVO potential. Wan et al. recently constructed models for a prolate cylindrical shells with ranges of dimension and stiffness adhering to a substrate in the presence of an ideal zero-range surface force [4] and a long-range attraction with no repulsion [5] , as well as spherical shells with zero range attraction [6] .
In this paper, we investigate the adhesion-detachment mechanics of a cylindrical shell with a rigid planar substrate in the presence of a typical DLVO surface potential and an external normal load. While a large external compression forces the shell to transit from the secondary minimum to primary, external tension reduces the contact area and ultimately pulls the shell off the adhering substrate. Only quasi-static mechanical equilibrium is considered here. Application of the theoretical model to microstructures and cells will be discussed. Figure 1 shows the schematic of a cylinder with length b, radius R, thickness h ((R), elastic modulus E 0 , Poisson's ratio , and
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making an adhesive contact with a rigid planar substrate. An external compressive force per unit length F (positive for compression), coupled with the surface forces at the shellsubstrate interface, deforms the shell to conform to the planar substrate, resulting in a contact area with width 2a and a cohesive zone of width (c -a) immediately outside the intimate contact Fig. 1 Schematic of a linear elastic cylindrical shell deformed by an external load coupled with intrinsic intersurface forces to find equilibrium at either 2min or 1min 1 edge where the surface forces act. An internal pressure p int presses against the shell interior to maintain constant volume of the incompressible liquid content. Depending on the nature of the surface potential, the shell might find equilibrium either at the 2min with small deformation or at the 1min with relatively large deformation.
Intersurface Force.
In the presence of a 1:1 electrolyte, counterions build up electrostatic double layers on the immersed surfaces. Interaction of a particle with an infinite rigid plane leads to potential energy V s as a function of intersurface separation z given by the DLVO theory in typical forms [7, 8] (1) with d p a characteristic dimension of the particle or equivalent diameter, A H the Hamaker constant, k the characteristic wave length of the dielectric, e 0 the dielectric permittivity in vacuum, e r the dielectric constant of water, j the inverse Debye length, and w p and w c the surface potentials of the particle and substrate, respectively. The first term in Eq. (1) represents the van der Waals attraction, and the second term represents typical electrostatic double layer repulsion. Figure 2 (a) shows V s (z). A very short-range repulsion due to electron cloud overlap based on Pauli's exclusion principle is artificially introduced in V s (z), though it does not appear in Eq. (1). The two energy minima are separated by an energy barrier. Figure  2 (b) shows the corresponding disjoining pressure, or surface force per unit area, p s (z) ¼ -dV s (z)/dz, as a gray curve. The 1min corresponds to strong attraction with a short range, an intermediate energy barrier of repulsion, and the 2min weak attraction with long range. To highlight the underlying physics, a modified form of the Dugdale-Barenblatt-Maugis (DBM) cohesive zone approximation is adopted [1, 9] , where p s (z) assumes a multiple step function with linear transition shown as gray curve in Fig. 2(b) . Disjoining pressure is taken to be a constant p i within each attractive/repulsive regions with a finite range z i with the subscript i ¼ 1 and 2 for 1min and 2min, respectively and i ¼ r for repulsion. The short range electron cloud overlap repulsion is taken as a linear force with slope m s in the range z 0 to allow partial intersurface penetration. Thus,
The work of adhesion c is therefore the area enclosed by p s (z), or
It is interesting to note here that in the classical adhesion model with a fixed and finite c, the JKRlimit requires z i ! 0 and p ! 1, while the DMT-limit requires z i ! 1 and p ! 0. When a shell approaches the substrate and falls in the range of adhesion (z z 1 þ z r þ z 2 ), intersurface force is present. For a flat rigid substrate, z is always measured vertical to the substrate (see Fig. 9 ). The total intersurface energy can be expressed as follows:
with d being the displacement of the shell.
Mechanical Energy.
Deformation of the shell is not only determined by intersurface energy but also the external load F, the bending and stretching stiffnesses of the shell materials j b and j s , respectively, and the internal pressure p int . For a linear elastic material, the strain energy stored within a deformed shell is given as
where the first term denotes bending and the second term stretching, H(s) ¼ d 2 v/ds 2 is the local change of curvature from the circular cross-section, and the nonlinear strain e along the arc length s is defined as follows:
with u and v the tangential and transverse deflections, respectively. The external load acting on the cylinder apex F traverses a vertical displacement of d. The associated potential energy is, therefore, given by
Constant volume of the shell in the presence of external load is maintained by introducing an internal pressure,
where K b is the bulk modulus of the encapsulating liquid and DV/ V is the fractional change in volume. In the computation routines, K b is assigned a large number to ensure DV/V < 1%. Internal energy due to hydrostatic pressure is found by integration over the shell surface,
Total energy of the system U T is, therefore, the sum of all the four aforementioned energy terms,
The equation of equilibrium is derived by the principle of minimum total potential energy (dU T ¼ 0). Since the solution is highly nonlinear due to the unknown instantaneous contact width, transient dynamic analysis is employed to deduce the steady-state equilibrium. Two more terms are introduced into the governing equation to account for mass and damping. A finite element code has been developed that solves for equilibrium by using the explicit Newmark's algorithm. The mathematical method is outlined in the Appendix.
Results and Discussion
To demonstrate shell adhesion, a set of parameters were chosen as below: h ¼ 10 nm [10] , R ¼ 5 lm, E ¼ 10 MPa 
Equilibrium Configuration.
When the shell approaches the substrate with insufficient kinetic energy, it is unable to overcome the large energy barrier and is influenced only by the 2min. Figure 3(a) shows the deformed shell profile at the 2min when it is not subjected to any external force or F ¼ 0. The contact edge (r ¼ a) is defined at z ¼ z 1 þ z r , and the cohesive edge (r ¼ c) at
Profile within the contact (r a) is fairly planar and at a distance from the substrate surface. Figure 3(b) shows the traction on the shell normal to the substrate. Maximum compression p r is present within the contact. Beyond the contact edge, attraction of the 2min leads to a uniform attraction that extends to the cohesive zone edge. The shell is traction free at r > c.
Should the shell acquire sufficient kinetic energy to overcome the energy barrier, the mechanical equilibrium is influenced by the full surface potential stated in Eq. (2) . Figure 4(a) shows the deformed profile with F ¼ 0. The coupled 1min and 2min creates larger contact and cohesive zone widths than the 2min alone. Figure 4(b) shows the normal traction. The compressive stress is minimal within the contact but reaches a maximum at the contact edge, contrasting the parabolic compression profile in contacting solid spheres in the classical Hertz contact theory [12] . The cohesive zone comprises the 1min and 2min attractions as well as the intermediate repulsive barrier. The corresponding contact pressure distribution. A large compressive stress is present within the contact (x < a), while the cohesive annulus (a < x < c) is subject to the 2min attraction. Note that the net force on the shell is zero here as the contact repulsion is balanced by intersurface attraction. The corresponding contact pressure distribution. Stress at inner rim of the contact edge (x < a) is compressive and large but diminishes rapidly to approach zero towards the contact center (x 5 0). The cohesive annulus (a < x < c) is subject to an inner 1min, immediate repulsive barrier, then outer 2min. Note that the net force on the shell is zero here as the contact repulsion is balanced by intersurface attraction.
Mechanical
tension reduces the contact area until "pull-off" occurs at A when the shell completely detaches from the substrate with F* ¼ À0.4 lN/m and a* ¼ 0 indicating a line contact. On the other hand, compression causes the contact to grow along BC. Loading-unloading along ABC is reversible. At a sufficiently large F, the shell overcomes the energy barrier, and a sudden transition to the 1min occurs at C reaching D. The adhesion-detachment trajectory hereafter shifts to DHK. As F is reduced along DH, the contact width shrinks. At H, the external load is removed (F ¼ 0) and a H > a B as expected. Loading-unloading along BCDH thus leads to hysteresis. Tensile force of F* ¼ -1.6 lN/m leads to pulloff at K and the shell spontaneously snaps from the substrate with a nonzero "pull-off" contact area a* ¼ 1.13 lm.
Among the many adjustable parameters in our model, the repulsive disjoining pressure p r plays a critical role in determining whether the shell stays at 2min or transits to 1min. Figure 5 shows such transitions for a range of p r . A large barrier requires a large applied compression to make the transition, but a sufficiently small barrier leads to a spontaneous transition as in case of p r ¼ 0.43 Pa as shown. It is noted that a changing p r does not lead to measurable changes in a(F) since the spatial width of repulsion within the cohesive zone is so small that it does not affect the total work of adhesion.
Figures 6(a)-6(b) show snapshots of the deformed shell profiles and the corresponding normal tractions along the adhesion- Fig. 5 Contact width as a function of applied load for fixed adhesion energy. Curve ABC denotes the shell being influenced by the 2min only. Pull-off occurs at A. Increasing external compression leads to path BC. The dashed lines show transition from 2min to 1min for different energy barriers. Spontaneous transition is expected for zero applied load when p r 5 0.43 Pa. The curve DHK denotes the shell being subjected to the full DLVO potential including 1min. Pull-off occurs at K (cf. Fig. 2(a) ). detachment trajectories ABCD (cf. Figure 5 ). When pull-off occurs at A, the top pole is raised significantly such that the shell is largely distorted and the contact reduces to a line (a ¼ 0). This is consistent with our previous work for both cylindrical solid and cylindrical shell subjected to an ideal zero-range or long-range surface attraction [4, 5] . Along AB, exclusive compression is felt within the contact rendering attraction outside the contact. Along BC, the applied load causes the shell to expand laterally and shrink vertically. Central buckling occurs in the contact region when repulsion dominates close to the edge (r ¼ a) and central 2min attraction maintains the planar contact. The contact repulsion at B now splits into two spikes at C, which are pushed towards the opposite contact edges. Profile D serves as a reference after the shell transits to the 1min and the contact suddenly expands. The disjoining pressure outside the contact edge manifests the combined 1min and 2min as well as repulsion due to the intermediate energy barrier . Figures 7(a)-7(b) show the effects of the full surface potential along CDHK. Because of the strong 1min attraction, the profile is severely distorted especially at pulloff. Note that the two compression spikes at the contact edges never merge even at pull-off, indicating the influence of the repulsive barrier. Figure 8 shows the eccentricity e (ratio of shell height to equator width) as a function of applied load for the two adhesiondetachment trajectories. Note that e ¼ 1 does not necessarily refer to a perfectly circular cross-section but also to a distorted geometry having the same height and width. In the initial loading in either tension or compression close to F ¼ 0, the gradients de/dF and da/dF (Fig. 5) reach their highest values, indicating a sharp increase in the contact area and the associated sudden and significant distortion. Increasing compression reduces both de/dF and da/dF. On the other hand, increasing tension leads to a plateau in a(F) with da/dF % 0 but an increasing e(F), indicating that the external load is by and large transferred to the shell distortion. The largest geometrical distortion occurs at pull-off.
Discussion
It is worthwhile to compare shell adhesion to the classical solid adhesion. As we alluded to earlier, the JKR and DMT limits represent the short and long range intersurface forces, respectively. The intermediate range is known as JKR-DMT transition, which is governed by the Tabor's parameter k [9] . For two adhering solid spheres,
. In the JKR-limit, k solid > 2, and pull-off occurs at a nonzero contact radius, a* ¼ (9pR 2 c/8E) 1/3 > 0; in the DMT-limit, k solid < 0.5, and a* ¼ 0 [1] . For two contacting solid cylinders with parallel axis, several groups [13] [14] [15] showed consistently that k solid takes the same form with 0.1 < k solid < 3, where the upper and lower bounds represent JKR and DMT limits, respectively. Thin membranes have a different definition of k because it has to account for the membrane thickness h. For a planar thin film clamped at its circular periphery being adhered to a rigid plane, we define k film ¼ ðz 0 =aÞ Á ðc=EhÞ m Á ða=hÞ n with the exponents 1/4 m 1/2 and 0 n 1 [16, 17] . The lower limits of m and n correspond to thin and flexible membranes under pure stretching, the upper limits refer to thick and stiff plates under pure bending, and the intermediate values are for a compliant film under mixed bending-stretching. The JKR-limit is approached as k film > 5 and a* > 0, while the DMT-limit requires small k film , and a* ¼ 0. Based on these results, it is possible to derive yet another k shell for a cylindrical shell with radius of curvature R and thickness h. Since a shell is essentially a curved plate, it is expected that k shell ! k solid when h ! 1, and k shell ! k film when R ! 1. In the case of the full DLVO surface potential, k shell will include magnitudes and ranges of the energy minima and maximum. Detail derivation of k shell is beyond the scope of this paper.
We recently reported the adhesion mechanics of a cylindrical shell in the presence of a single long-range surface force (i.e., in the absence of a 2min) [5] . The present model consistently shows that a shell influenced by the 2min alone possesses virtually the same adhesion-detachment behavior and the contact area is expected to shrink to a line contact along the shell axis prior to detachment, similar to the DMT behavior. The introduction of a 1min to be coupled with the 2min leads to a remarkable abrupt pull-off with a nonzero contact area, similar to the JKR behavior. The repulsive barrier here acts as a virtual "latch." Unless the shell acquires sufficient energy to overcome the barrier, the latch is shut and the adhesion-detachment behavior remains status quo as in 2min only. But if the barrier is sufficiently lowered by raising the ionic concentration, the latch is thrown open, and the shell is locked and trapped inside the 1min energy well. As the external tension gradually increases (cf. Figure 5) , the shell climbs up the energy well reaching the peak of the barrier that represents the latch threshold. An incremental increase in F thus pushes the shell off the energy cliff. Surpassing the shallow 2min, the shell spontaneously detaches from the substrate. Depending on the barrier height and the ultimate strength of the shell materials, the sudden shrinkage of the nonzero contact area might lead to severe damage of the shell.
Results from our computational model have a number of implications in curved microstructures and biological cells and bacteria in the presence of intersurface forces. Here, we briefly discuss cell adhesion. It is first noted that the dimensions and other parameters in our computation do not match with typical cigar-shaped prolate bacterium, e.g., R ¼ 0.5-2 lm for most bacteria and z 1 ¼ 10 nm for the surface range. The trends of adhesion-detachment trajectory, pull-off, and 1min to 2min transition characteristics, however, remain valid. Microbial transportation-migration through porous medium of sand or sediment in an aquatic environment is strongly influenced by the attractive surface forces at the particlesand interfaces. The classical colloidal filtration theory widely employed in the scientific community assumes cells to be hard nondeformable colloidal particles and adhesion-transportation is taken to be stochastic [18] . Tufenkji and Elimelech [19, 20] and Elimelech et al. [21] elegantly showed the inconsistency in CFT and experimental measurements and suggested the necessity to introduce the full surface potential according to the DLVO theory. With a sufficiently high repulsive barrier and low thermal agitation, cells sensing the weak 2min of a substrate are trapped but are able to escape, leading to "unfavorable" filtration. If the cells overcome a low barrier due to high ionic concentration, they settle in the strong 1min, leading to "favorable" filtration. Despite the scientifically sound concept, mechanical deformation of the cells is not included, let alone the coupling with intersurface forces. The present work sheds new light on bacterial adhesiondetachment mechanics based on coupled mechanical deformation and intersurface forces, without invoking a probabilistic description. Moreover, the model allows environmental variables such as ionic strength of the electrolyte and temperature to be incorporated into filtration via the changes in surface potential (cf. Eq. (1)). In fact, the magnitude of the pull-off force is an indication of the minimum shear on the adhered cell subject to water flow, and thus plays a significant role in gauging the efficiency of riverbank filtration where sand is the major collector of bacterial strains.
Conclusions
A new adhesion model is constructed for a cylindrical shell exposed to typical DLVO surface potential. Interrelations are established between the measurable quantities of applied compression/tension, approach displacement, contact area, deformed shell profile, critical parameters at pull-off, and transition from first to second minima, etc. The detailed surface potential profile can thus be extracted from direct experimental measurements of the above quantities and trends. The model sheds light on the conventional stochastic description of cell attachmentdetachment in porous medium and bears significant consequences in building a comprehensive model for microbial transport in porous media.
Stiffness Matrix K. Being subjected to mixed plate bending and membrane stretching, a shell is unevenly discretized into a number of two-node elements in the noncontact region and condensed nodes within the contact region as shown in Fig. 9 . Each node has three degrees of freedom such that the displacement vector for each element
where u and v are, respectively, the in-plane and transverse deflection components, u Fig. 8 Degree of shell deformation gauged by eccentricity (ratio of the vertical elongation to lateral contraction) as a function of external load. Curve ABC denotes shell being influenced by the 2min only, while curve KHD shows influence of the full DLVO potential. Pull-off occurs at A and K. Applied tension leads to vertical elongation, and compression gives rise to lateral expansion. Fig. 9 Finite element implementation of shell model is the rotation of the normal to the midplane of the shell, i and j are the first and second nodes in each element, and the superscript e denotes vector for single element.
The stiffness matrix K is derived from an energy consideration. For a single element, the strain energy of a linear elastic beam in its local coordinates system (x, y), with element length L, cross sectional area A, second moment of area I ¼ bh 3 /12, can be written as
is derived by the principle of virtual work,
The mathematical manipulation is straight forward but tedious and will not be explicitly given here. The resulting element stiffness matrix K e ð Þ is asymmetric due to the nonlinear mixed deformation mode, i.e., K e ð Þ 12 = K e ð Þ 21 . Using a transformation matrix T based on the direction cosines of individual elements with respect to the global coordinate axes, K e ð Þ is transformed into the global K in new global coordinate system (X,Y) using a mathematical routine reported in our previous work [6] .
Transient Dynamic Analysis. Shell deformation is governed by the general equation of motion of transient dynamic analysis,
with M being the global mass matrix, C the Rayleigh global damping matrix, F tot the total external force, and € d and _ d the acceleration and velocity vectors, respectively.
A diagonal "lumped" mass matrix is adopted here for the explicit dynamic method, 
where m is the mass density of an element and k ¼ 1/24 is derived from the moment of inertia. Since only the final equilibrium state, rather than time dependent response, is relevant here, m ¼ 10 10 is chosen for mass scaling purpose. C (e) is chosen as a linear combination of mass matrix and stiffness matrix such that C ðeÞ ¼ gM ðeÞ þ nK ðeÞ , where g ¼ 10 3 and n ¼ 0 are two arbitrary numerical constants chosen to stabilize the system. Explicit Newmark's Method. The governing equation is highly nonlinear due to the unknown instantaneous contact width. Equilibrium is found by the explicit Newmark's method, with time increments of Dt. The velocity and displacement at time step n are given as follows:
The two numerical factors 1 ¼ 1/2 and b ¼ 1/4 are chosen for average acceleration such that variables on the right hand side of Eqs.
(A5) and (A6) are all known besides the acceleration € d n . Equations (A5) and (A6) are substituted into Eq. (A3) to solve for the only unknown € d n . An iterative method is implemented to find _ d, d, and the deformed profile q at each iteration step. Figure 10 shows the algorithmic flow chart. 
